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ABsTRACT. Consider an eigenvector of the adjacency matrix of a G(n,p) graph. A nodal domain is
a connected component of the set of vertices where this eigenvector has a constant sign. It is known
that with high probability, there are exactly two nodal domains for each eigenvector corresponding
to a non-leading eigenvalue. We prove that with high probability, the sizes of these nodal domains
are approximately equal to each other.

1. INTRODUCTION

Nodal domains of the eigenfunctions of the Laplacian on smooth manifolds have been studied
for more than a century. We refer the readers to the book [26] for the details. If f : M — R is
such an eigenfunction on a manifold M, then the nodal domain is a connected component of the
set M where the function f has a constant sign. The number and the geometry of nodal domains
provide an important insight into the geometric structure of the manifold itself. A classical theorem
of Courant states that the number of nodal domains of the eigenfunction corresponding to the
k-th smallest eigenvalue is upper bounded by k, and this number typically grows as k increases
[8]. In [9] Dekel, Lee, and Linial pioneered the study of the nodal domains for graphs. This study
was motivated by the usefulness of the eigenvectors of graphs in a number of partitioning and
clustering algorithms, see [9] and the references therein. In the last 10 years, these eigenvectors
have played a crucial role in many other computer science problems, including, e.g., community
detection [24, Section 5.5]. As the Laplacian of a graph is closely related to the adjacency matrix,
Dekel et.al. considered the eigenvectors of the latter matrix as an analog of the eigenfunctions of
the Laplacian on a manifold. We will arrange the eigenvectors of the adjacency matrix in the order
corresponding to the decreasing order of the eigenvalues. An easy variational argument shows that
that the first, i.e., the leading eigenvector has only one domain, so the study of nodal domains
become non-trivial for the non-leading eigenvectors. In general, one has to distinguish between the
strict and the non-strict domains, where the former do not include vertices with zero coordinates.

The main result of [9] pertains to the G(n,p) random graphs in the case when p € (0,1) is a
constant. Recall that an Erdgs-Rényi Graph G(n,p) is a random graph with n vertices and any
two vertices are connected by an edge with probability p independently. In this case, the authors
discovered a new phenomenon showing that the behavior of the number of nodal domains for a
G(n,p) graph is essentially different from that for a manifold. More precisely, they proved that
with probability 1 — o(1), the two largest non-strict nodal domains of any non-leading eigenvector
contain all but O,(1) vertices, where the last quantity is uniform over the eigenvectors. Besides
proving this striking result, [9] emphasized that the main approach to the study of nodal domains is
through establishing delocalization properties of the eigenvectors of random matrices. At the time |9
was written, the study of delocalization was in its infancy. Indeed, their theorem relies on a partial
case of [17, Theorem 3.3], which was the only result available at that time. As the information
on the delocalization of the eigenvectors grew, so did the knowledge about the finer properties
of the nodal domains. In [18]|, Nguyen, Tao, and Vu proved that, with probability 1 — o(1), any
eigenvector does not have zero coordinates, which mean that the strong and the weak nodal domains
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of a G(n,p) graph are the same with high probability. Also, Arora and Bhaskara [2| improved the
main theorem of [9] by showing that if p > n~1/19+°(1) then with probability 1 — o(1), any non-
leading eigenvector has exactly two nodal domains. We refer readers to the articles [10,12,13,16,23]
on other recent developments of local statistics of eigenvalues or delocalization of eigenvectors for
sparse Erdds-Reényi Graph G(n, p).

After these results became available, Linial put forward a program of studying the geometry
of nodal domains. Considering one of the domains as earth, and another one as water, one can
investigate the length of the shoreline, which is the boundary of the domains, the distribution of
heights and depths measured as distances to the shoreline, etc. Unfortunately, this geometry turned
out to be trivial in the case when p > n~¢ for some absolute constant ¢ € (0,1). More precisely,
it was proved in [19] that with probability 1 — o(1), any vertex in the positive nodal domain is
connected to the negative one, and the same is true for the vertices in the negative domain. Note
that the case of very sparse graphs p < n~¢ is still open and may lead to a non-trivial geometry. The
proof of this result relied on the combination of the no-gaps delocalization [21], and a more classical
l+ delocalization established by Erdgs, Knowles, Yau, and Yin [12]. The no-gaps delocalization
discussed in more detail below means that with high probability, any set S of vertices carries a
non-negligible proportion of the Euclidean norm of the eigenvector, and this proportion is bounded
below by a function of |S|/n only. The l delocalization means that the maximal coordinate of
any unit eigenvector does not exceed n~/2+°() with high probability.

In this paper, we establish another natural property of nodal domains. Namely, we will show
that with high probability, the nodal domains are balanced, i.e. each one of them contains close
to n/2 vertices with high probability. Unlike the previous ones, this property does not follow from
the combination of the no-gaps and the /., delocalization. Indeed, the vector u € S"~! with n/3
coordinates equal to v/2/,/n and the rest n/3 coordinates equal to —1/+/2n satisfies both properties.
Moreover, for such vector, 3%, u(j) = 0, so it is orthogonal to the vector (1/y/n,...,1//n) which
is close to the leading eigenvector with high probability.

We prove that the nodal domains are roughly of the same size both for the bulk and for the edge
eigenvectors. However, the methods of proof in these cases are different. Let us consider the bulk
case first as the proof in this case is shorter. Let A be the adjacency matrix of G (n, p). We denote
eigenvalues of A by Ay > --- > A, and the corresponding unit eigenvectors by ui, ..., u,. With a
slight abuse of terminology, we will call them the eigenvectors of the graph G (n, p).

Theorem 1.1. (Bulk case) There is ¢ € (0, 1) such that the following holds. Let e, k € (0, 1).
Let G (n, p) be an Erdds-Rényi Graph with p € [n*C, %] Let uq be an eigenvector of G (n, p) with
a € [kn, n — kn]. Denote by P and N the nodal domains of this eigenvector. Then there exists
n=mn/(e, k) > 0 such that, for a sufficiently large n,

1
P (yp| V|N| > (2 + 5) n> <nm.

The proof relies on quantum unique ergodicity theorem for random matrices |6, Theorem 1.1]
claiming that the distribution of the inner product of an eigenvector of A and any vector orthogonal
to (1, ..., 1) is asymptotically normal. Readers interested in quantum unique ergodicity are also
referred to the articles [3,5,7]. For the edge case, i.e., for the eigenvalues close to the edges of
the spectrum, the bound similar to [6, Theorem 1.1] has been established only for the non-sparse
regime, i.e., for p € (0, 1) which does not depend of n, see [5]. On the other hand, the gaps between
the eigenvalues near the edges of the spectrum are much larger. The eigenvalue gap is at least
n=2/3=o() for edge eigenvalues while it is of order n=17°(1) for bulk eigenvalues. Also, the edge
eigenvalues enjoy stronger rigidity properties than the bulk ones. These facts allow to provide a
stronger bound for the size of the nodal domains of an edge eigenvector.
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Theorem 1.2. (Edge case) Let G (n, p) be an Erdds-Rényi Graph with p € (0, 1). There exists

p = p(p) > 0 such that the following holds. Let uy be a n on-leading eigenvector of G (n, p) with

min {a, n — a} < (logn)”'°®1°8™  Denote by P and N the nodal domains of this eigenvector. Then,

for any € > 0, there exists 6 = 6(¢) > 0 independent of n and p such that

1
P <|P vV [N| > <2 + n—é+a> n> <n .

for a sufficiently large n.

For a vector u € R™, let u(i) denote its ith component. Our goal in both Theorem 1.1 and 1.2 is
to show that with high probability,

n

S sign (u(i)) = o (n)

i=1

for an eigenvector u of A. This can be derived by Markov inequality if

n 2
E (Z sign (u (z))) =o(n?).
i=1
The latter equation can be derived if for i # j,

(1.1) Esign (u (i) u () = o(1).

The proof in both the bulk and the edge case is aiming to show (1.1). Yet, the approaches are
completely different. The proof in the bulk case relies on

Theorem 1.3. |21, Theorem 1.5] Fiz arbitrary constants 6,k > 0 Let A be an n xn be the adjacency
matriz of a G(n,p) graph with n=¢ < p < 1/2 for some constant ¢ > 0. For e > ¢yn=/7
eigenvector v of A satisfies

, every

1/2
(Z \v(i)|2> > (c26)°[|v]] -

i€l
for all I C [n] with |I| > en.

and

Theorem 1.4. [6, Theorem 1.1| Fiz arbitrary constants 6,k > 0 Let A be an n X n be the adjacency

matriz of a G(n,p) graph with nt <p< 1/2. Let vy, ..., vy, be its eigenvectors corresponding to
the eigenvalues A1 > ... > \,. For any polynomial f : R — R for any n > n(f), a € [kn : n — kn]
and any g € S q L (1, ..., 1), there exists an v > 0 such that

IEf(n{q, va)?) —Ef(g*)| < n7".

The last theorem allows to estimate Esign (u (i) u (7)) by replacing u (i) and w (j) by independent
normal random variables. Yet, this replacement is not straightforward. First, we have to transform
the statement of Theorem 1.4 involving (g, u)? into a one involving u(i) and u(j). Secondly, and
more importantly, we have to approximate the function sign(-) by a polynomial. Since the polyno-
mial function is unbounded on R, we have to find an approximation which is close to the function
sign(-) point-wise on the set [—R, R]\ (—¢,0) with some 0 < § < 1 < R, and at the same time has a
controlled growth at infinity. The latter property is needed to guarantee that the contribution of the
values u(i) ¢ [—R, R] does not affect quality of the approximation. The contribution of the values
u(i) € (—0,0) can be made small by choosing an appropriate ¢ due to the no-gaps delocalization.
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For the edge case, we represent the adjacency matrix A in block form:
D W'

w B

where Bisn —2byn—2, Dis 2 by 2, and W is n — 2 by 2. These matrices are independent.
Moreover, using the results of [4,11, 14|, we show that with high probability, the matrix B has
“typical“ spectral properties. Relying on the independence of the blocks, it is possible to bound the
expectation of sign (u (1) w (2)) conditioned on the event that B is typical. To use this approach
for other pairs of coordinates, we have to show that with high probability, all (n — 2) x (n — 2)
principal submatrices of A are typical. This cannot be derived from the union bound since one of
the typical properties, namely the level repulsion, holds with probability 1 —O(n~%) for some § > 0.
To overcome this problem, we condition on the event that the matrix A itself is typical, and show
that on this event, with high probability, all (n — 2) x (n — 2) blocks are typical as well.
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1.2. Notation. First, ¢,¢/,C,C" will denote constants which may change from line to line. For
a positive integer n, denote [n| := {1, 2, 3,..., n}. For vectors u, v € R", let ||ul|, denote the
Euclidean norm of u, |ju||,, denote the lo norm of u, and (u, v) denote the standard inner product
of w and v. The cardinality of a set S will be denoted by |S|. For a,b € R, the notation a A b and
a V b stands for the minimum and the maximum of a and b respectively.

For a random variable Z, we denote its ¢» norm by [|Z[|,,. The ¢» norm is defined by the

equation
2
Z
E exp 7| | =2
1Z1l,

We say Z is subgaussian if [|Z]|,, exists. By subgaussian vector we mean a random vector with
independent components whose 12 norms are uniformly bounded.

Let Matgy,,(n) be the collection of all symmetric n x n matrices. For a symmetric n x n
matrix H = {h;;} let ||H| denote its operater norm, |H| ;¢ denotes its Hilbert-Schmidt

norm. Precisely,
n n
2
1H | 5g = Z h?j = Z)\?,
ij=1 i=1

n
ij=11

where {\;}7, are eigenvalues of H. Furthermore, for z € C with Imz > 0,




denote the Green function of H, and define the Stieltjes Transform of H by

n

1 1 1
=-Tr(G(z)) = —
) = MEE) = 3
where {\;}7_, are eigenvalues of H.
Recall the semicircle-law .
Psc($) = % (4 - 1‘2)+,

where (4 — z?) , = max{4 — 22, 0}. The semicircle law proved in the classical paper of Wigner [25]
is the limit distribution of the empirical distribution of eigenvalues of Wigner matrices, see e.g. [1]
for the precise formulation and extensions. The Stieltjes transform of pg. is

Mse(z) = /R pse(®) 4

r—z

For a fixed n, let 7; be the expected location of i—th eigenvalue (rearranged in a non-increasing
order) according to the semicircle law. That is, 7; satisfies

2 i
sc dr = —.
Lp (z)dz =

i

Furthermore, it is easy to check that for i = o(n), we have

i\ 2/3 i\ 2/3
(1.2) <7r> <2— < <37r> :
n n

2. BULK EIGENVECTOR

Consider a graph G with n vertices, and denote by A its adjacency matrix. Let Ay > Ay > --- A,
be the eigenvalues of A and let v, be the unit eigenvector corresponding to A,. In order to show that
S sign(va(i)) = o(n), consider a random pair (i, j) C [n] of distinct indices which is uniformly
chosen among all such pairs. We will check below that if Esign(vs(¢) - vo(j)) = o(1), then this
inequality holds, and the nodal domains are of the size close to n/2. We are going to establish this
bound for the adjacency matrix of a typical G(n, p) graph. Since sign is not a continuous function, it
is hard to approach this task directly. Instead, we will approximate the function sign by a suitable
polynomial f and show that E[f(va(i) - va(j)) | A] = o(1) where the expectation is taken with
respect to the random pair (k,[) and A is the adjacency matrix of a typical G(n,p) graph, i.e., it is
chosen from some set of adjacency matrices whose probability is 1 — o(1). After that, we will have
to estimate the error of this approximation. To implement the first step, we will use Theorem 1.4 to
derive a similar bound for the expectation of an even polynomial of four random coordinates of the
eigenvector. This will lead to a stronger bound for an even polynomial of two random coordinates.
Finally, applying the latter bound to a one-variable polynomial of the product of two coordinates,
we will get the desired estimate.

Let us formulate this statement precisely. Let v, € S™~! be a bulk eigenvector of the G(n,p)
graph, and let g1, ..., g, ~ N(0,1) be independent standard normal random variables. Denote by
[E(;,j) the expectation with respect to the random pair of coordinates (k,1), where the matrix A is
regarded as fixed.

Lemma 2.1. Let A v, be as in Theorem 1.4. Let (k,l) be a uniformly chosen random pair of
elements of [n]. For any even polynomial F : R? — R, there exists a v > 0 and a set Ap €
Mat gy (1) such that for all sufficiently large n,

P(Ae Ap)>1—n"",
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and for any A € Ap,
B F(n'/2va(k),n*?va(1)) — EF (g1, g2)| <n™".

Proof. The proof breaks in two parts. First, we will show that the statement of Theorem 1.4 holds for

any ¢ € S"! such that |supp(q)| < 4. It is enough to prove the statement f_o)r f(z) = % Without
loss of generality, assume that ¢ = Z?Zl ae; with Z?:l oz? =1 Set f:=(1,¢q) =n"1? Z§:1 Q.

Then

4 - = _
(2.1) 18] < T =4 81 LT and gy, =1+0(n"1?).
Recall that w := ? — v7 satisfies
logn
(2.2) Jwlly < 2%’

see |21, Theorem 3|.
Let us check that for any d € N,

E(n{q, va)?)? < C(d)

for some function C(d) > 0. Indeed, since <T>, va> = (w, vqa),

E(n(g, va))" = Blniao + By, va)?)" < 2 (E(n{ao, va)>)? + 52 w]3)

d
< 92 (]E(zq%)d n <161°g2”) ) < C(d).

n

where we used (2.1), (2.2) and Theorem 1.4 in the second inequality. By Cauchy-Schwarz inequality,
this means that for any k£ € N,

(2.3) E[Vn (g, va) |* < C'(k).
Therefore, for any d € N,

E(n(q, va)?)* — Eg*| < |E(n(g, va)?)* —E<n<Hj0°,2, va)?)?

; \E<n< D, 420 g
Tl

IN

1 — _y
E(”<Qa Ua>2)d - ||q ”2dE(n<q -B1, 'Ua>2)d +n
Oll2

IN

E(n{g, va)>)? — E(nlg — B, va)>)?| + 207

"\ /2d (] J /
Z ( _ )Eh/ﬁ(q, v )24 <8ogn) +2n7" <n7"
S\ Vn

for large n. Here, the third inequality follows from Theorem 1.4, the fourth one from (2.1) and
(2.2), and the last one from (2.3). This shows that the conclusion of Theorem 1.4 holds for any
g € S" ! supported on four coordinates. The same argument can be used to prove this statement
for any fixed number of coordinates, but we would not need it here.

Let us extend the conclusion of Theorem 1.4 to even polynomials of four variables. Consider an

IN

even monomial G(x1, ..., x4) := :r;ill . mgQ -a:g"’ . xi“ with d = dy + ds + d3 + ds € 2N. Note that
for this monomial, G(\/nva(k1), ..., v/nva(ks)) can be represented as a finite linear combination
of (v/n (g, va))? for different values of ¢ € S"~!,supp(q) C {k1, ..., k4}. Hence,

(24) |EG(\/ﬁva(kl)> ey \/ﬁ’l)a(k4)) - EG(917 ey g4)| S n_’/
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and this inequality can be extended to all even polynomials of four variables.
. 2 . . . . .
Now, let F' : R®* — R be an even polynomial. Let s € [kn : n — kn]. For a pair (i,j) € ([;l]),
define a random variable

Yiij) = F(Vnva(i), Ve () — EF (gi, gj),
where g1, ..., g, are independent N(0,1) random variables. Then for any distinct i, j, k, [, € [n],

= [EF(vnva(i), vnva(5)) F (vVnva(k), vViva(1))

— EF(vVnva (i), vnva(5))EF (gr, g1) — EF (gi, g;)EF (vV/nva k), vVnva(l))
+EF(gi, 9;)EF (9K, g1)|
< [EF(9:,95)F (g, 91) — 2EF (9, 9;) - EF (9k, 1) + BF (g3, 9;) F (g, )| + ™"

= niy’

IEY ;. 5) Yik0)

where we used (2.4) with Gy(z1, 29, x3,24) = F(x1,22)F(23,24), Ga(z1,22,23,24) = F(x1,22),
and Gs(x1,22,23,24) = F(x3,24) to derive the inequality. A similar calculation shows that
IEY(i5) Y| = O(1) when 4, 5, k, [ are not necessarily distinct. Hence,

2

1 1
. ® > Yuy| < (1) > EY ) Yay+0(nTH) <n
2 ey 2/ (igkbe()

The Markov inequality implies that there exists a set A% € Maty,,(n) such that for all sufficiently
large n,

P(Ae Ap) >1—n""2
and for any A € A,

(nl) Z F(vnva (i), vnua(j)) — EF (g1, 92)| =
2

The lemma is proved. O

1 —v
6] Yig| <n ¥/

(i)e('s) (@)e(™)

Applying the previous lemma to a polynomial F(z,y) = f(z-y) for a one-variable polynomial f,
we derive the following corollary.

Corollary 2.2. Let A v, be as in Theorem 1.4. Let (k,l) be a uniformly chosen random pair of
elements of [n]. For any polynomial f : R — R, there exists a v > 0 and a set Ay C Matgyn(n)
such that for all sufficiently large n,

P(Ac Af)>1-n"",

and for any A € Ay,
|E 5,1y f (nva (k) - va (1)) = Ef(g192)] < n”".

To prove that the nodal domains are balanced, we will use Corollary 2.2 with f being an odd
polynomial approximating sign(z) on some interval [r, R]. Since f is odd, Ef(g192) = 0. Hence,
assuming that the nodal domains are unbalanced, it would be enough to show that ]E(k,l) f(nva(k)-
vo(l))] is non-negligible to get a contradiction. The values of r and R will be chosen so that
the absolute values of most of the coordinates will fall into this interval. A simple combinatorial
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calculation will show that if the nodal domains are unbalanced, then E;, )sign(va (k) -va(l)) = Q(1).
Indeed, assume that for a given matrix A and vector v;,

1
|P|\/|N|2<2+s>.

E g pysign(va (k) - va () = (;‘) A+ (51) = P11 = 462+ 0070

This reduces our task to the comparison between this quantity and [E ) f(nva(k) - va(1))]. To
achieve it, we construct f approximating sign(z) pointwise on the set [—-R, —r] U [r, R] and show
that the contribution of the coordinates falling outside of this set is negligible. For the interval
(—r,7), this will be done using the no-gaps delocalization. Handling the set (—oo, —R) U (R, 00)
is more delicate. Since the polynomial is unbounded on this set, we will control the Ly norm of
f and use the Markov inequality. This argument requires constructing the polynomial f which
approximates sign(z) in two metrics simultaneously: uniformly on the set [-R, —r] U [r, R] and in
Lo(p) norm on R. The measure p here will be the probability measure on R defined by

w(B) =P(g192 € B).

Instead of controlling two metrics at the same time, we will introduce one Sobolev norm which
will be stronger than both metrics. Such norm can be chosen in many different ways. We will chose
a particular way which makes the argument shorter.

Let n: R\ {0} — (0,00) and ¢ : R — (0, 00) be even functions such that

o 1€ C'((0,00)), ¥ € C'(R);
o n(z),¥(z) = Lexp(—z/2) for all z > 2;
n(x) > ¢(z) for all x > 0, and n € L1(R).
Consider a weighted Sobolev space H defined as the completion of the space of C'*(R) functions for
which the norm

Then

11 = [ Peme e+ [
is finite. Note that H C C (R). Indeed, for any M > 0, a < b, a,b € [-M, M] and any f € C* (R),

50) — fla)] = < (,in, ol ) /!f e
(25) g<$E%M]¢<x)>_l.</ab<f/<x>)2 )1/2 </ e dx>

< (o w<x>)1-uqu-( masx w<x>)1/2-<b—a>”2,

a) dx

1/2

x€[—M,M] xe[—M,M]

and the same inequality holds for the completion.
We will need the following lemma.

Lemma 2.3. Let h € CY(R) be an odd function such that ||| + ||}, < oo. Then for any § > 0,
there exists an odd polynomial Q satisfying ||Q — hl|; < 9.

Proof. Denote by & the set of all polynomials. Let E,qq be the set of all odd functions h € C*(R)
such that [|h]| +||F']|,, < co. It is enough to prove that E,qq C Clg(Z?). Indeed, if this is proved,
then for any § > 0 there exists ¢ € & such that ||h — q||; < 6. Setting Q(z) = 3(q(z) — ¢(—2)) to
make the polynomial odd would finish the proof.
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Assume to the contrary that F,qq ¢ Clg(Z?). Then there exists h € Cly(FEoqq) \ {0} such that
(h, ™) = 0 for any n € {0} UN. We will prove that this assumption leads to a contradiction. To
this end, set

F(z) —/Rh(w)e”n(x)dx—i—/ﬂ{h’(x)ze”zﬁ(w) dx.

Using the Cauchy-Schwarz inequality, one can check that the function F' is analytic in {z : |Re(z)| <
1/2} and

Fm(0) = / h(z)a™n(z) do + / W (a)na™ (@) dz = (b, &)y = 0.
R R
Hence, F'(z) = 0, and applying this conclusion to z = it, t € R, we see that h satisfies the equality
(hn — (W)Y =0 and thus hy — (K1) = 0

in the sense of distributions where ()" denotes the Fourier Transform. Since the function hn is
continuous on (0, 00), h satisfies the differential equation

(2.6) h(z)n(z) — (B (2)¢(x)) = 0

pointwise for all z € (0,00). This in turn means that h” is well-defined on (0, 00). Actually, with a
little effort, one can prove that this differential equation is satisfied for all x € R, but we would not
need it for our proof.

Since h € Clg(Foqd), b is an odd continuous function. For x > 2, (2.6) reads

h(z) + %h’(m) —W(z) =0,

and so h(x) = Cy exp(Az) + Co exp(Aox) with
1T 1T
T4 Py
for all z > 2. Since A\ > 1/2 and h € H, Cy = 0. Without loss of generality, assume that h(2) > 0,

i.e.,, Cy > 0. Then A/(2) < 0 and since h(0) = 0, h(2) > 0, there exists = € (0, 2) such that h'(x) > 0.
Denote

A1

zo = sup{z € (0,2) : h'(x) > 0}.
Then h'(xzg) = 0 and since h/(z) < 0 for x > xp, we have h(zp) > 0. Hence, (2.6) implies that

h"(x¢) > 0. Therefore h'(x) > 0 for some = > xp, which contradicts the definition of . This
contradiction finishes the proof of the lemma. ]

We are now ready to prove the main result of this section.
Proof of Theorem 1.1. Fix an € > 0, and let 2 be the event that |P|V |N| > (1/2 +¢)n. Let (k,)
be a uniformly chosen random pair of distinct elements of [n]. Assume that  occurs. Then

(1/2+e)my 4 ((1/2—e)n
(2.7) P(v(k)v(l) > 0] A) > % )(j:)( ) = % +2e2+0(n 1)
2

and

1 _2),2

T —€&“)n 1 _
7(4 (n)) 25—252+O(n .

2
By the no-gap delocalization theorem [21, Theorem 1.5|, for r = ce
P(I € s oG] </ )| 2 (/8)n) < exp(—cen).
9

(2.8) P(u(k)u(l) < 0| A) <

22

)



Let Qarge be the event that |{j € [n]: |v(j)| < r'/2n"1/2}| < (£2/8)n, and assume that © N Qygrge
occurs. Then

(1-(2/8))n
(2.9)  P(nfo(k)] - [o(@)] <7 | A) <P(jo(k)| A o)) < r'Pn~t2 [ A) <1 - ((i)) < &Z
2

Let R > (coe) ™4, where the constant ¢y > 0 will be chosen later. Since |jv||, =1,
G € lnl: oG] = R0 12} < % < ()",
S0
(2.10)  P(nu(k)| - [v())] > R | A) < P(jo(k)] > RV*n=2 or |u(l)] > RY?*n=Y2 | A) < 2(coe)™.
Summarizing (2.7), (2.8), (2.9), and (2.10), and choosing ¢y small enough, we conclude that on the
event 2N Qygrge,
P(no(k)o(l) € [r, B] | A) > 5+ 52 +0(n™)

and

P(nv(k)v(l) € [-r,—R] | A) < % - ;82 +0(n7h).

Let h € C*(R) be an odd function such that h(x) = sign(z) for any = ¢ (—r,r). Lemma 2.3 and
inequality (2.5) imply that there exists an odd polynomial @ such that ||h — Q]| La(pde) < € and

52

h(z) — < —.
. [h(a) ~ Q)] < 5
By Corollary 2.2, there exists Ag with P(A € Ag) > 1 —n~" such that for any A € Ag,
EpnQnu(k)v(l)) <EQ(g192) +n~ " =n"",
for sufficiently large n, since the polynomial @ is odd. We will provide a lower estimate of this
expectation in terms of P(€2). We have

By Qu(k)o(l)) = EqyQ(nv(k)v (1)) - Lujwwyoy<r + By Qnv(k)v(1)) - Lujwyo)> k-
Let us estimate these terms separately. On the event M €44,

62
BIQU (00 uonaien ] 4 = (1= 5 ) Po(kyol0) € 7] 4)

_ (1 + 8;) P(nv(k)v(l) € [-R, =] | A)
)

If A€ Ag:, then

2
EIQ*(nu(k)o(D) | 4] < BQX(g12) + 1 < (I o +) 417 <C.
Hence, by (2.10) and Cauchy-Schwarz inequality, for any A € Agz,

E [Q(no(k)v(1)) - Lopwywisr | A] < (Plnju(k)o()] = R | A2 - (E[Q*(nu(k)o(D)) | A])

) 1/2
2
2

< Clee)? < =

10



if cg is chosen sufficiently small. Thus, if A € Ag2 and the event QM4 occurs and n is sufficiently
large to absorb the O(n~!) term, then

2
€
B (Quuokp(0) | A] > T
and so, A ¢ Ag. This means that QN Qurge N {A € Ag2 N Ag} = @, and so
P(Q) < P(Qge) + P(A € AGe) +P(A € AH) <n”".

The theorem is proved. U

3. EDGE EIGENVECTOR

Let A be the adjacency matrix of a G (n, p) graph with a fixed p € (0, 1). Denote by u a
non-leading edge eigenvector. We are aiming to show that

(3.1) E (sign (u (1) u (2))) < n~1/3+¢

for a sufficiently small € > 0. If proved, it leads to

2
: ; _ . . : T\ —1/3+e 5/3+¢
]E(Z&gnu(z)) n—l—ZESlgn(u(z)u(]))Sn—i-<2>n [3te < pb/3+e,
( i#]

because u(i)u(j) has the same distribution as u(1)u(2) for all ¢ # j due to the i.i.d. property of the
entries the matrix.

Then, by Markov’s inequality, we can derive a bound for P (|3, signu (i) > nb/ 6+¢) and thus
prove Theorem 1.2. Due to technical difficulties, we would not derive (3.1) directly. Instead, we
find an event .o/ so that

(3.2) E (sign (u (1) u (2)) | &) < n~1/3+e,

The event o/ will be constructed so that P (&7¢) < n~% where § > 0 may depend on . In view
of the estimate above, we have

(o

which finishes the proof of Theorem (1.2).
Up to a scaling, A is a Wigner matrix with two deterministic shifts:

Z signu (7)

i

> n5/6+5/2> <P()+P (

> n5/6+a ‘ ,SZ/)

<nO4nc<n?

)

1 pn == D
3.3 - A=H+ =TT g
(3:3) p(1—p)n 1-p (1—=p)n

where H;j = (h;;) is a symmetric matrix with 0 diagonal, i.i.d entries h;; with mean 0 and variance
1/n above the diagonal:

2 with probabilit
probability p,
(3.4) f
/15 f with probability 1 — p,
_>
and 1 € S" ! is the vector such that every component equals %. Notice that the last term in
(3.3) does not affect the eigenvectors and the order of eigenvalues of ,/ mA. Therefore, it is

11



sufficient to prove (3.2) for the non-leading edge eigenvectors of
——
_pn 117,
L—=p
Furthermore, we will only prove the theorem for the eigenvectors belonging to the positive edge
{uq : @ < @h}. The proof for eigenvectors {uq : n — a < ph} is essentially the same.

(3.5) A:=H+

3.1. Outline of the proof. To lighten the notation, assume that A is an (n+2) x (n + 2) matrix.
It is convenient to break the matrix A into the blocks:

D w’
(3.6) A= - 5 |

where B is of size n x n and D is of size 2 x 2. Let G (2) := ﬁ be the Green function of B. We

will write the eigenvalues of A in terms of B, W and D:

Proposition 3.1. Any A € R satisfying

(3.7) det (WTG (MW — D+ )Jg) )

is an eigenvalue of A. Furthermore, let ¢ € R? be a non-trivial null vector of WG (MW =D+ \I,.
q . . )

Then, [ G\ Wy ] is an eigenvector corresponding to A.

Proof. Assume that
det (WTG (MW —D + MQ) —0.
Let ¢ € R? be a non-trivial null vector of WG (\) W — D + Al5. Then, we have
D-Xx W'

W B -\ [—G(K)Wq}:a

Therefore, \ is an eigenvalue of A and u = ( ) is the corresponding eigenvector. [

> Q

—G(\)Wq
1
Up to a scaling, we have g = w] G(\)wi—di1+x | where wy, wo are the column vectors of W
 w] G\ wa—di2
dir  di2

and D = [ diy  doy

] . Therefore,

T

. . w G()\)wl—dn—i-/\)
3.8 sign (u (1) u (2)) = sign [ —— .
(3.5) an (1) u(2) = sign (2L At
w) G(A\)wy—d11+A
wlTG()\)wz—dlg
of independence of B, W, and D. However, the fact that A depends on all these random quantities
precludes us from using this independence straightforwardly. This forces us to consider

1G(B)wy —di+ F
s(E) :=sign <w1 T( ) w1 1t )
wl G (E) wo — d12
for a constant F instead on dealing with A directly. To analyze the behavior of the function s, it is

necessary to know what the matrix B looks like.
12

Our goal is to estimate Esign (— ) To this end, we would like to take advantage




Let {fia}n_ be the eigenvalues of B arranged in a non-increasing order and let {us},_; be the

corresponding unit eigenvectors. Observe that, up to a scaling factor \/”7”7 B is a Wigner matrix
with a rank 1 shift:

p(n+2)
(1-p)
where M is the lower right n by n minor of H (from (3.3) and (3.4)), and | € R™ is the vector

1
Vn+2
spectral properties with high probability.

The proof of Theorem 1.2 breaks into 4 steps:

B =DM+ ur,

with all its components equal to . Here, \/”TJFQM is a generalized Wigner matrix having nice

1. Typical spectral properties of M.

Here we are encountering the first obstacle. We want to fix a typical sample M to compute s(E).
In particular, we want this sample to have gaps between the eigenvalues close to the edge of order
at least n=2/37¢. Such property is called level repulsion in the edge:

Condition 3.2. (Level Repulsion on Edge) A random Hermitian matrix H is said to satisfy level
repulsion at the edge, if for any Crg > 0, and e, > 0, there exists dpg > 0, with probability at
least 1 — n~9Lr

(39) max </1/ <E — n_2/3_ELR’ E + n—2/3—€LR) < 2
EC [Q_n—2/3¢SLR7 2_,_”72/35051413]

We remark that it is known that a GOE (Gaussian Orthogonal Ensemble) matrix model satisfy
this condition, and we will show in appendix that our matrices H and M satisfy this condition as
well.

Notice that such level repulsion is achievable with high probability for a single n x n principal
minor M, but we need it for all minors simultaneously, and the probability estimate too weak to be
combined with the union bound. Instead, we define o/ as the event that the (n+2) x (n+2) matrix
H has the desired spectral properties. In this case, o/ is likely in a sense that P(2/¢) < n~% for some
0 > 0. However, we cannot condition on &/ directly as in this way we will lose the independence
of B, W, and D while estimating s(E). Therefore, in the first step we will define the event < and
show that

E (|]1H is typical — ]1M is typical‘) is small enOUgh'

This would allow us to use independence while conditioning on the event that M is typical and
avoid invoking the union bound while applying this argument to all n x n principal minors.

2. From spectral properties of M to spectral properties of B.
In the second step, we fix a typical M, and consider the spectral properties of its rank one
perturbation B. We expect B to behave like M with an exceptional eigenvector almost parallel to [

p(n+2)
1-p °

and the corresponding eigenvalue close to We will quantify these properties in Definition

3.10 in Section 3.3.

3. Concentration of w] G (E)wj — di; + E.

The expression above is a key quantity in analyzing s(E). To bound s(\) for A being an edge
eigenvalue of flp, we have to understand the behavior of s(FE) for different E. To this end, we derive
the concentration of w,' G (E)wj for i, j € {1, 2}. By definition,

wiTG(E)wj:Z 1

m@}i? Ua) (wj, Ue).
a€(n)

13



If E is much closer to an eigenvalue fi,, than any other eigenvalues, then, we expect wiT G (E)w;j
to be dominated by the term ME%E@U“ Uag) (W), Uay). We will show that after conditioning on a
typical B, with high probability in W and D we have

<wi’ uOéE><wjv uaE>

fag —E

(3.10) Vi, j € {1, 2} w{ G (E)w;j ~ —6;; +

4. Completion of the proof.
We combine the results obtained at previous steps to show that

E (5 ()\a) 11 s typical) = n_1/3+CELR-
Once this estimate is proved, the main theorem follows immediately.
3.2. A typical sample of M. Let M be an n X n principal submatrix of H. Let {v,}._, be

the eigenvalues of M arranged in a non-increasing order and let {v,}._; be the corresponding unit
cigenvectors. Let Gy (2) := (M — z)™! be the Green function of M and
1 I~ 1
=-Tr (G =—
mar () = T (G(2) = -3

n Vo — %
IR

be the Stieltjes transform of M.

A special role in the proof will be played by the level repulsion property, and the strength of the
level repulsion has to be carefully chosen for matrices of different sizes. Let t > 0. We will say that
an m X m symmetric matrix B satisfies the level repulsion property with parameter ¢ if for any two

distinct eigenvalues v, v/ of A in [2 — n_2/3g0?«f), 2+ n_2/34p$ﬂ, we have

|1/ — V" > t.
In the argument below, m takes values from n—4 to n. Denote the set of such matrices by ZZ(n,t).
Lemma 3.3 asserts that
P(M € L% (n,n2/37Lr)) > 1 — n LR
for some drp > 0. We start with a lemma showing that the parameter ¢t in the definition of level
repulsion can be adjusted without significantly changing this probability.

Lemma 3.3. Let C > 0. Let M be an n x n symmetric random matriz. There exists § € (1/2,1)
which depends on the distribution of M such that

c
P <M € L7x (n, On~2/3crr 4%>> —-P (M e L% (n, gn—2/3—eLR)> < p~V/3+2e1R
n

Proof. For k > 0, denote
SOC
P, =P (M c LR <n n=2/3=crr _ k:”)) .

n

Then Py € (0,1) form an increasing sequence. Hence, there exists k < 4nt/3-22Lr such that

Pk+4 _ Pk‘ < n71/3+25LR.

This implies the lemma if we choose 6 so that On=2/3-¢Lr = p~=2/3-€Lr _ k% and note that
6>1/2. O

We will fix this value of 6 for matrices H whose entries are distributed as in (3.4) for the rest of
the proof.
Let us collect the properties of the n x n submatrices of H which we will use throughout the
proof.
14



Definition 3.4. Fix ez > 0 and p > 1, set
(3.11) n=n"23"%Lx,
Denote by #;, ) the set of symmetric n X n matrices M having the following properties:

e Isotropic local semicircular law:

(3.12) sup sup |(z, Gar (B +im) y) = (2, y)mae (B + in)| < 3n~5+5%0n,
|E—2|<n~2/3+3¢LR z,y€{e; };_ U{l}

e Rigidity of eigenvalues:
(3.13) Ve — Yol < @57 [min (a, n — o+ 1)] 7323,

where C. > 1 is a universal constant, and -y, satisfies fja %\/4 — 22dx = =
e [ -delocalization of eigenvectors:
(,DC
(3.14) Va, |vallo < =%

i

B

e Isotropic delocalization of eigenvectors:

(3.15) Inf?)ﬁ [(Va, 1)[* < nFERTL
acn

e Level repulsion at the edge: M € L% <n,9n_2/3_5LR — k%), ie.,

for any two distinct eigenvalues v, v/ of M in [2 — n_2/3g0,?;p, 2+ ’I’L_Q/SQD%'D], we have

C
(3.16) v =1 > on=2/3—cLr _ [P
n

The value of 6 is chosen to satisfy the condition of Lemma 3.3.

A typical Wigner matrix belongs to the set o7, o), see [11], [4]. However, we need this fact not for
a single matrix M, but for all n x n principal submatrices of the (n+2) x (n+2) matrix H. Denote
by H®*) the (n+1) x (n+ 1) principal submatrix of H with row and column k removed. Similarly,
denote by H(J) the n x n principal submatrix of H with rows and columns i, j removed. The
properties (3.12) — (3.14) hold with an overwhelming probability, which allows to use a union bound
while establishing them. In contrast to it, property (3.16) holds only with probability 1 —n =0t for
some dr,r > 0, which is too weak to be combined with the union bound. To guarantee that the level
repulsion holds with high probability for all principal submatrices, we show that the eigenvalues of
these submatrices are located closely to the eigenvalues of the original matrix. To this end, we need
the following lemma.

Lemma 3.5. Let J be an n x n symmetric matric satisfying conditions (3.13) and (3.14). Let
k € [n], and let J*) be the (n — 1) x (n — 1) principal submatriz of J with row and column k

removed. Let p € [2 — n*2/3cp§f, 2+ n*2/3<p§lp} be an eigenvalue of J®) . If J or J®) satisfies
(3.16), then there exists an eigenvalue \ of J such that

C
(3.17) ogx—ug%".

Consequently, if one of the matrices J or J*) satisfies condition (3.16), then the other one satisfies

“g . . c
the same condition with a extra loss of %.
15



Proof. Note that i is an eigenvalue of the matrix J — eke;J as well since the k-th row of this matrix
is 0. We will start with showing that there exists an eigenvalue \ of J satisfying (3.17). Let Gy be
the Green function of J. By Sylvester’s determinant identity, we have

0 = det (J —u- eke,jj)
= det (J — p) det (In —erep JG (u))
=det (J — p) (1 — el JG (n) ek) .

If det (J — p) = 0, then we are done. Otherwise, 1 — e} JG s (\) e, = 0, which can be rewritten

as \
Z A . (ex, ua>2 =1,
o a — M
where Ay > -+ > A\, are the eigenvalues of J, and uq, ..., u,, are the corresponding unit eigenvec-
tors.
For A\, < 0, we have 0 < /\i\iu < % where the upper bound is due to A, > —3 by (3.13). Then,
A 2 2
Z )\%@ky Ua>2 < Z g(elm Ua>2 < 3
ara<0 e T H a,Aa<0
Hence,
A A 1
Z <€k, Ua> > Z <ek‘> Uoz>2 > =
a Acu 3
QA > a,Aa >0

(e}

Let B be the largest positive integer so that Ag > u. Together with (3.13), we have

as )\/\“M <0 for all A, € [0, u).

2 - n 33 < < Ng <y HnTBEH <24 nTH3pR
and hence
12 =8l < 2 = Mgl + [Ag =l < 207220
With the estimate of vg in (1.2), we conclude that
(3.18) B<lr.
Assume that 8 > 1, and let @ < 8. If J satisfies (3.16), then
Ao — 1> Agq — Ag >n 237eLr,

On the other hand, assume that J*) satisfies (3.16), and let i/ be the smallest eigenvalue of .J(*)
which is greater than p. Due to the Cauchy interlacing theorem, we know that
p<Ag < p <A
Then,
Aa _ ,u 2 ,u/ _ # Z n_2/3_ELR.
In both cases, (3.18), (3.14) and (3.13) applied with a = 1 imply

Ao 2 al 2 —1/3+Ce
Z W Iu<€k, Uq)” < 5m mOE}XHuaHOO =0 (n / LR) )

a<pf B

If 8 =1, the inequality above is vacuous. Thus, in both cases,
A
Ag =

(€k7 Ua>2 > % +0 (n—1/3+C’5LR)

16



which in combination with (3.13), (3.14) leads to

C

&Z)\Ig*,u>0
n

establishing (3.17). Since (3.17) holds for all u € [2 — 2B 2y n*2/3<p%p], the second part of

the lemma follows from (3.16) for one of the matrices J or J*) and interlacing of their eigenvalues.
O

Equipped with Lemma 3.5, we derive the desired result about the typical behavior of the principal
submatrices. We remind the reader that for convenience, we consider graphs with n + 2 vertices.

Theorem 3.6. Let A be the adjacency matriz of a G(n + 2,p) graph, and let

p(n+ 2) —>—>T
\/p 1—p n—|—2 1— 1— n+2 In,

m. Let of be the set of (n +

2) X (n+ 2) symmetric matrices H such that the matriz itself belongs to &f(n+272), all its principal
(n+1) x (n+ 1) submatrices belong to o, 13), and all its principal n x n submatrices belong to
A1)

Then

%
where 1 € 8™t is the vector such that every component equals

P(Heo)>1—n"°
for some 6 = 6(p, p, eLr) > 0. Moreover, for any i,j € [n],

E Ly, o (HO9) = L (H)| < n~1/3+20r,

Proof. For (3.12) and (3.15), we use the probability estimate in [4, Theorem 2.12, 2.16|. For (3.13)
and (3.14), we use the probability estimate in [11, Theorem 2.1, 2.2|. Combining them, we conclude
that (3.12) — (3.15) hold for the matrix H itself, as well as for all its (n 4+ 1) x (n+ 1) and n x n
principal submatrices with probability at least 1 —n=1.

In addition to it, (3.16) holds for H with k = 2 with probability at least 1 —n 9. Then Lemma
3.5, together with the properties (3.12) — (3.15) allow us to extend (3.16) with & = 3 to all its
(n 4+ 1) x (n + 1) principal minors. As these minors possess the same properties, (3.16) further
extends with £ = 4 to all n x n principal minors. Let us prove the second inequality. Denote by %
the set of all (n + 2) x (n 4 2) symmetric matrices satisfying conditions (3.12) — (3.15). Then

P (HW) € ) and H ¢ m) <P (H(i’j) € Ang) and H ¢ of and H € @) YP(H ¢ B) <n”!

since by Lemma 3.5, JZ{(no)me{Cm@CtlZf(no)méZ{(n_"_22

H(3) have the same distribution, so the value of 6 is the same for all 7, j. Hence,
P(H) ¢ o0y and H € of ) <P (HOD) ¢ ) and HOD € o, y)) < n~t/3+20n
by Lemma 3.3. The result follows. O

y N P = . Also, notice that all the minors

3.3. Introduction of the shift. In this section, we will derive the typical properties of all n x n
principal submatrices of A. Recall that we denoted such submatrix by B, and

3.19 B=M+ I
(3.19) (1-p)
where M is an n X n principal submatrix of H, and [ = ( \/nlﬁ’ R \/ﬁ) is almost a unit vector.

We expect B to behave close to M in a sense that its non-leading eigenvalues and eigenvectors possess
17



similar properties. The argument at this stage is deterministic. We fix the matrix M € 4, o) and
treat B as its rank one perturbation.

We start with showing that the non-leading edge eigenvalues of B are very close to that of M.
Lemma 3.7. Let M € ;) be an n x n symmetric matriz with eigenvalues vy > -+ > vy, and let

B be as in (3.19). Let p1g > -+ > uy, be the eigenvalues of B. If B is such that |vg — 2| < n_2/3g0121p,
then

(3.20) Vg — ] < o1 HCELR

for some universal constant C > 0. Furthermore, pgi1 1s an eigenvalue of M if and only if
(I, vg) = 0, where vg is a unit eigenvector of M corresponding to vg. In the case pgyq is not an
eigenvalue of M, we have

2
(3.21) vse)” o0
Vg — Hp+1

We remark that (3.20) is a simple case of [15, Theorem 2.7|, which deals with a deterministic
finite rank shift.

Proof. Suppose that p is an eigenvalue of B. By Sylvester’s determinant identity we have

0 = det (M — ol + Wzﬂ)
-D

— det (M — pl,,) det (In 4G (w) Mzﬂ)

— det (M — ul,) (1 1T Gar () Mz) ,

and (1 F TGy () 4/ 2E2) l) =0 if

1-p
2
(3.22) gv_"‘> = (1+2).
acin] U@ 2 pln_p

The matrix B is a rank one positive semidefinite perturbation of M, so the eigenvalues of M and
B are interlacing:

(3.23) 1>V > g > e 2 gy 2> Uy
For the leading eigenvalue, y1 > 4 p(ln_f) due to the fact that ||M|| = O(1) by (3.13).
Let B be such that |vg — 2| < n~2/3x% . We consider two cases. First, assume that (I, va) # 0

for a € {B,8+ 1}. Then pgyq1 ¢ {vg,vg+1}, so det (M — pgy1l,) # 0, and (3.22) holds.
We claim that

(1, v )?
(3.24) ZiE <—1+0(1).
arp o

for all E € (vg41, v3).
If the claim is proved, then, by (3.22),

l 2 1 [, vo)?
(I, vg41) _ _Z (1, va) >1—0(1)
Vg — Hp41 p({z_+p2) oy Voo — 1341

18



By (3.15), we have (I, vg41)? < n°Lr™1 which allows to conclude that

0 < wvg— pgyr < nErT!

as required.

Assume now that (I, v4) = 0 for some a € {5,8 + 1}. Considering an infinitesimally small
perturbation M) = /1 —e2M + eG with a GOE matrix G, we can guarantee that (I, v,) # 0 a.s.
In this case, the perturbed eigenvalue ,u(i)rl of M) satisfies the inequality above. Letting & — 0
and using the stability of eigenvalues, we conclude that pgi1 = vg completing the proof of (3.20).
This argument also shows that p1g1; is an eigenvalue of M if and only if ([, vg) = 0.

It remains to verify (3.24). This will be done by comparing the right hand side of (3.24) with

Vg — F
Re(l, Gu (E+in)l) = Y ———5——(1, va)”.
a€ln] (Va B E) + ,,72

Assume first that %V@ + %Vﬁﬂ < E <vg. In view of (3.16),

1 v +v
Vg1 + §n_2/3_5LR < %

(we omit the last inequality if 8 = 1.) Hence, for a # 3, we have

<E<vg<vg_— n~2/3-cLr,

1 _o/9_ 1
|E — vg| > §n 2/3—eLr _ §nn5LR

(recall that n = n=2/3-2¢LR) and so

- E
= (1+0 (n %)) "=
l/a—E ( (TL )) (Va—E)2+772
Therefore,
Sl = (10 ) S
Shva—E e~ BP0
- i n . Vo — F 9
= (140 (5 | Ret Gag (E-+in) ) =3 ol )

a<p
since all the summands have the same sign. Now we will evaluate the two terms in the brackets.
The first one can be approximated using the local semicircular law, and the second one is negligible,
because the sum consists of a few terms, and each term is small. Indeed, using (3.13) and (1.2), we
have
B < oy”.
(The argument is the same as that for (3.18).)
With the trivial bound |v, — E| < 202302 we get

Vo — E ) n—2/3 90%'0
Yo (L) < B
a<f (V a E ) +n n

n*1+€LR < n*1/3+6€LR
if n is sufficiently large. The isotropic local semicircular law (3.12) yields
Re (I, Gar (B +1in) 1) = (I, D Remye (B +in) + O (n*1/3+3€w) .
Using the fact that my, (2) = =2H¥==4 52274 with the branch cut at [-2, 2], for |z — 2| < s < 1 we have

Mg (2) = =14 O(Vs).
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Thus,
Re(l, Gy (E+in)l)=—-1+0 <n—1/3+35LR)

and we conclude that

1
> gl w1401

for all E € (%Vﬁ + %V5+1, 1/5). Since E + Za>,3 o =1, va)? is increasing for E > vg,1, the
inequality above extends to all £ € (vg41, v3). Together with

1 2 1 —14erLr
Z]/a—E<l7 UO¢> Sﬁmn —0(1)
a<f

for E € (vg41, vg), we conclude that all E € (vg41, vg) satisfy

1
Z Va—E<l’ UOC>2 < _1+O(1)7

B
completing the proof of the lemma. O

Our next aim is comparing the Stieltjes transform of B to that of the semicircular law. This will
be done via the comparison of the former to the Stieltjes transform of M.

Lemma 3.8. Let M € o,y be an n x n symmetric matriz, and let B be as in (3.19). Then

sup |mB (E + i??) — Mse (E + 17])| < n_1/3+C€LR’
E:|E—2|<¢¥’

where

is the Stieltjes transform of B and n = n~2/3-2¢Lk,

Proof. Fix E such that |F —2| < go%p. We estimate the real part and imaginary of the Stieltjes
transform part separately. Let us start with the real part.

. 1 o — B
Remp (E +in) = — _ .
nza: (MQ_E)2+772
Let 3 be the smallest integer such that v3 < E —1n. Recall that we have the interlacing property:
E—n>vg> g1 2 Vg1 = fp2 -+ = fin = Vp.
The function z — %W is decreasing when |z| > 7. Based on this fact, we obtain
n—1 n n
D) Dl ) Dl e’
_E) +1n aﬁ—i—l( _E) aB—H( _E)

1

Furthermore, as 270 25

%-HF lies in { ] for all z € R, we have
R . p . ) 6]
empy (E+in) — — < Remp (E +1in) < Remyp (E +in) + —,
nn nn

and the bound for the real part follows.
For the imaginary part we have

1
Immp (E+1in) = EE o 77
p—F




The function x — ngJmQ is increasing if < 0, hence

n—1 n n n n n
> Y <y
2 — 2 — 2 :
agi Wa—E) +0 7 S (ha = E)" 40?7 2 (Ve — E)” +0p?

1

Since ﬁ € [O, 77} for all , we conclude that

2 2
Immys (E +1in) — ni <Immp(E+1in) > Immy (E +in) + nf]

Similar to how we derive (3.18), using (3.13) and (1.2), we have

B <SP,
We conclude that
Imar (E +in) —mp (E +in)| < @5Pn~1/320r,
In view of (3.12),

. . 1 . . _1
|mar (B 41in) — mse (E +1n)| = - Z(ei, G(E+1in)e;) —mg. (E+1in)| < 3n 3tdeLn
i
which in combination with the previous inequality finishes the proof. ]
Next, we will derive the delocalization properties of edge eigenvectors of B.

Lemma 3.9. Let M € ;) be an n x n symmetric matriz, and let B be as in (3.19). Let

w1 > - > pn be the eigenvalues of B, and let uy, ..., u, be the corresponding unit eigenvectors. If
B is such that |pgy1 — 2| < n~23p2 | then
(3.25) (uggr, 1) < n7'HCoeR,
and
n1/6+6€LR
(3.26) fuganll, < "

Vn
Proof. As pointed out in Lemma 3.7, g4 is an eigenvalue of M if and only if (I, vg) = 0. In this
case, we have vg = ug41 so the statement follows trivially.
Now we assume pg41 is not an eigenvalue of M, in which case, it satisfies (3.22). Using this
equality, one can directly check that
l
u= Z _{bva) Vo

a€ln] Voo™ HB+1

is an eigenvector of B corresponding to eigenvalue jg1.

2
First, we provide a lower bound for ||u||,. By Lemma 3.7, we have W”Jﬂ >

1
ES — <
vi—pon] 22 and |vg — 141
n~1+CeLr  This allows to bound the norm of u by one of the coefficients:
l 2 1
(3.27) Hu||3 > 7< , V1) 5 > “pl-Cerr,
v — ppt1 4
Recall that by (3.22),

Z (1, v )? 1

5 l = = — .

<u > Vo, — HB+1 p(n+2)
agln] 1-p
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This yields
[(u, D)

< —l+CELR
[[ull

[(ups1, 1) =

if n is sufficiently large.

Now we will estimate [|ul|,, = maxic[,) |2 ey Wﬁ?’) . We break the sum isolating the main

term:
<l7 v > <la (% ><€', (% >
[, )] < |—E [lug | + | e
Vg — Hg+1 aip Ve T HB+L
<l7 ’Uﬁ) <l7 UOA>2
< |||l + s [ (eis va)?
Vg — Kg+1 *° (gﬁ (Va - M,B+1)2 a#p oo
(I, vg) (I, va)?
< | fogll + | DD —
Vg — [i5+1 azp Vo = bigy1)

We will show below that

(I, va)?
(328) Z — S nl/G-‘r?ELR'
atp (Voé - /1“54-1)

If this inequality holds, (3.27) implies

(lvvﬁ>

|| H HuHoo Vg—Hp+1 H ”OO n1/6+25LR
UB+1lloe = <
B+1lloo [[ully l|lwlly ull,
(1,
vp— Z/;H H H 1/6— B
A /6=1/243eLr < ,,—1/3+4eLR
B _{bvg) = ;
VB—HB+1

where we used |[jvg]| < 3—% from (3.14) in the last inequality. This completes the proof of the

lemma modulus (3.28).

In the rest of the proof, we focus on establishing (3.28) by comparing ), Y ’U“); with

1 l Ua <la ’Ua>2

—Im (I, Gy (E +in)l) Im E = g P ——
v _FE—in _ )2 2

" acln) ¥ in acp) Wa = E)" 41

for any E € (%, V5> which includes pg41. The approach is basically the same as in ap-

proximation of >, 4 <1l} 2 Va)? by Re(l, G(E+1in)l) in Lemma 3.7. As in this lemma, we use

Vo — E| > $nnfLR for o # 5 to derive

77 — n—QELR 77 .
(I/a—E)z (1+O( )) (Va—E)2+772
22



Thus,

% = (1+ 0 (n~%*n)) [;Im (I, Gur (E+in)l) —

a#p (Vo — p+1)
< (1+0 (n~%um)) 7171m (I, Gar (E+in) 1),
By (3.12) we have
I (1, G (E +in) 1) = Tmmye (B +in) + O (n=1/3300 ).

As |E — 2| < n 23 and n = n=2/372LE 4 direct estimate yields Im my. (E + i) = O (n_1/3g073;p).
Therefore,
(1 Ua>2 < pl/3+ieLr
a8 (Va - Mﬁ+1)2

proving (3.28) and finishing the proof of the lemma. O

We have shown that if M € 4, ), then the matrix B shares the spectral properties of M. Let
us summarize these properties.

Definition 3.10. Denote by 7, 1) the set of n x n symmetric matrix B with eigenvalues p1 >
-+ > Uy and unit eigenvectors uy, ..., u, possessing the following properties.

e Eigenvalue properties:
— Local semicircular law:

(329) sup |mB (E + 177) — Mge (E + 177)| S n_1/3+C‘SLR,
E:|[E=2|<¢p’

where mp (2) = 1 Sy 1 > is the Stieltjes transform of B and n = n=2/3-2LR

n U —

— Rigidity of the eigenvalues:

(3.30) Va=1,....,n—1|pas1 — Ya| < ¢2° [min (a, n — a + 1)]7/3n=2/3,

— Leading eigenvalue:

(3.31) p1 =

e Fdge eigenvector properties:
— Isotropic delocalization:
for 8 such that |ug — 2| < n~2/3x2, we have

(3.32) (ug, ) = O (n~1FeeLr)

— f+ delocalization:
for 5 such that |pug — 2| < n=2/32%

n1/6+4ELR
Vn
e Level repulsion at the edge: B € X% (n, On—2/3-cLr _ k%), ie.,

(3.33) luglloe <

for any two distinct eigenvalues v, v/ of B in {2 — 233 2 4 n2/3p3P } , we have
()DC
(3.34) v—0|> On~2/3=eLr _ I
n
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The matrices B € 7, 1) will be called typical below. In particular, we’ve shown that M € 4/,
implies B € 1)

Theorem 3.6 implies that probability close to 1, the normalized adjacency matrix of a G(n,p)
graph is typical along with its principal submatrices. We will formulate it as a corollary.

Corollary 3.11. Let A be the adjacency matriz of a G(n + 2,p) graph, and let

ol 1 _ D
A= ey Vi pmr

In+2

and
p(n +2) 77T
l1—p
Let T be the set of all matrices A such that H € o/ . Then
P(Ae 7)>1-n""°
for some 6 = d(p, p,err) > 0. Moreover, for any i,j € [n],

E|Ls, , (A®) ~ 17(A)| < n-V3r2e0m

H=A-

Proof. Except for (3.30) and (3.31), these conditions have been derived from the corresponding
conditions on H above. Condition (3.30) follows from the interlacing of the eigenvalues of A, and
its principal submatrices. Finally, (3.31), follows from (3.13) for v = 1 since

p(n+2) 4 21 [ p
>, By > | —=||llls = Ax(M) |15 = =] ——
i = (1 B >\ [ = Q) 13 = 5 2
Both probability estimates follow now from Theorem 3.6. (]

3.4. Concentration of w/ G (E)w; — d;; + E. In this section, we fix an n x n matrix B € J,, 1).

Let E be a constant such that |E — 2| < n2/30%. Let {pata_, be ecigenvalues of B arranged
in the non-increasing order and let {uq}._; be the corresponding unit eigenvectors. Let G (E) =
Yoa #aaEuaul be the Green function of B.

Denote by ag the integer such that

oy — E| = m@%n“‘a - E.
In this section we will prove the following lemma:

Lemma 3.12. Let B € J,, 1y. With probability greater than 1—exp (—c (p) ¢n) (¢n = (log n)lslosm)
m wy and ws, we have

(3.35)

Vi € 11,2} w] G(E)w; = — (1+0 (n72m)) o 4 20 QLQEW{EL tee) | (n-1/3+cen)
ag

forall E € [2 —n 2B 24 n_z/Scpip] and ap € [n] is the integer so that |l — E| < mingep) [ta — E.
By level repulsion (3.34), we have

1
(3.36) e — E| > gn—2/3-'€w

for ao # ap. Decompose G to separate the main term:

1 1 1 1
6B = 3 ot = 3 el ey = L)+
E
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For i =1, 2, we express w; as

where w; has i.i.d components with the same distribution as in (3.4). In particular, one can treat
V/n + 2w; as an isotropic subgaussian vector whose entries have ¥9-norms bounded by K (p).

Our goal is to show that wiTL (E)wj is concentrated about —d; ;. To achieve that, we represent
it as

(3.37)  w, L(E)w; =&, L(E)w; + ,/1_ I"L(E 1/ pzTL( )1

and estimate each summand separately. We start with the bilinear term.

Lemma 3.13. Fiz an n x n matriv B € ), 1y. With probability greater than 1 — exp (—c(p) ¢n)

(pn = (logn)'°81°8™ ) in wy and wy, we have
(3.38) W L(E)i; = — (140 (n"%17)) 6, + O (n—1/3+05w>
for E € |2—n"%/3¢ 24 nfz/?’gan } Here, O (n*%LR) and O (n*1/3+CELR) mean some deter-

ministic functions of n with the prescribed asymptotic, and c(p) is a constant that depends only on
D.

Proof of Lemma 3.13. Fix E € [2 — n_z/?’gpip, 24 n_2/3<,p,2f}. We will first estimate the expecta-

tion of ] L (E)@; and then use the Hanson-Wright inequality to derive the concentration.

First, we will estimate the expectation.

Since Eg, 5,9 L (E)w2 = 0 by independence of ; and s, and since Eg,iy L (E)wy =
Ewlﬁ)lTL (E) w1, we have to evaluate only the last quantity. Using the fact that @w; has independent

entries with mean 0 and variance +2, we obtain
- _ 1 - 1 Zie[n} ug (1) 1 1
Eg, 0] L (E) W) = Eg, (Uq, W1)? = Z = Z
aiaE,ua—E a;éaE'uO‘_E n+2 n—|—2a7£aEua—E
Recall that for all a € [n — 1], we have rigidity of eigenvalues (3.30):
a1 — Yal < 2 [min (a, n — a +1)] /20723,
Hence, |{a : pa > E, &a # ag}| < 95, and
1 1 5
(3.39) > - <Ha : pa>E, &a#ag}- Zn2/3+.sm < p2/3+2%LR

a:pa>E &a#tagp

We write




and set n := n~2/3-2Lr_ With this choice of 7, we have o — E| > ineLRn from (3.36), and so
’772 _ —9
(1 + (MQ,E)2) =1+ O (n=%tr). Therefore,

% 3 L (140 (n2en)) > 1 pa=E

_ 2 2
a: pa<B& aFap Ha E oz:)\a<E&a7éaEn(lu’O¢_E) +n

- ; 1 Ma_E
= (140 (n">t7)) |R E — = — e
( + (n )) emp (E +1in) n Z (Ma_E)2+772

a: po>FEora=ap
(3.40) = (140 (w247)) Remys (B + in) + O (n~3+5n)

where the last equality relies on (3.39). Combining (3.39) and (3.40), we get
1 1

= (1 +0 (n_QELR)) Remp (E +in) + O (n_1/3+3ELR) .

We have Remp (E + in) = Remg. (B +in) + O (n71/3+Ce1r) = —1 4 O (n=1/3+C5cr) by (3.29).
Thus, if ;g is small enough, then

Lsh Lo,
noc#ocE o =

We conclude that
Eg iy L(E) iy = —1+ O (n~°Lr) .
Now we are ready to derive concentration via Hanson-Wright inequality [20] by the second author
and Vershynin.

Theorem 3.14. [20] Let X = (X1,...,X,) € R™ be a random vector with independent components
X; with satisfy EX; = 0, and HXz'H% < K. Let A be an n x n matriz. Then, for every t > 0,

t2 ¢
(3.41) P (‘XTAX — IEXTAX‘ >t) <2exp | —cmin ,
) K4 Al K2 Al

To this end, we need to estimate the operator norm and Hilbert Schmidt norm of L (E). The
operator norm can be estimated directly:

1
L(E)| < < —p?/3teir,
LB < max - —F < 3n

For the Hilbert Schmidt norm, a derivation similar to (3.40) yields

I ®s = 3 P
=<1+o(1>)a;% (MQ;)QMQ = (1+O(1))Za§EZ(Ma;)2+U2
=(+o() [ImmB (E +in) - Z%E _;)QHQ
(3.42) =(1+0(1)) % (Immsc (E+in) +0O (n—1/3+0m) - Z(MQE - 1E)2 . n2> ,
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where we used |ms. (E + i) —m (E +in)| < O (n71/3¥C%Lr) from (3.29). A direct computation
shows that Im (ms. (E +1in)) = O (n_1/3+06LR) and %7(/1(1,5—1%3)24—772 =0 (%ﬁ) =0 (n_1/3+25LR).
Hence,

IL (B =)

a#tag

m = (1+0(1)) %O (n—1/3—|—C€LR) -0 <n4/3+CaLR) .

One can easily show that H Vn + 2w (7) H vy S C./ 1].%”. An application Hanson-Wright inequality
with X = v/n+ 2w, and A = L (FE) yields

t t

~T - ~T ~

P <‘w1 L(E)w — Ey,w; L(E) wl‘ > — 2) < 2exp <—C(p) nQ/HCELR)
for any ¢t > 1. Taking t = n?/3+t2CeLr we get

W] L(E)d, = —1+ 0 (n~%17) 40 (n—1/3+208m)

Ew] L(E)i1

with probability at least 1 — exp (—c (p) ). (Recall that ¢, = logn'oslos™ )
Notice that, the same estimate works for ws and w; + Wy as well: with probability at least

1 —exp (—c(p) ¢n)

(@ + )" L (B) (1 + 109) = B} L (E) by + By L (E) @ +O (n_1/3+QCELR> .

E (1 +2) T L(E) (1 +12)

Therefore, by the linearity, adjusting the constant C' appropriately we have
@] L(B) iy = O (n /0o )

with probability at least 1 — exp (—c(p) ¢n), thus obtaining (3.38) for a fixed E.
To extend this to all F € [2 — n_2/3g072f, 24 n_2/3¢%p] , we will use a net argument. Let .4 be a

k-net in [2 —n 2B 24 n_2/3g0%p} with k£ = n71% and assume that (3.38) holds for all E € 4.

Since |.47] is polynomial in n, this event has probability bounded by exp (—c (p) ¢n).
Recall that the coordinates of v/n + 2w; are independent, centered, subgaussian random variables

with H\/n + 21 (k)sz <C,/ %' By Hoeffding’s inequality,

n

VI 20, ua) = Y V0 + 20 (k) ua (k)

k=1

is also subgaussian since ||[uq |, = 1. Similarly, (n+2) ||@;]|3, being a sum of subexponential random
variables, satisfies Bernstein’s inequality. Together with a union bound, these two facts imply

P (30 € [l € {12} [ wa)l > 225 il < 0 ) < exp(=c(p)n).

Assume that these two events occur in addition to the assumption that (3.38) holds for all E € A"

which we already made. Let E € |2 — n*2/3<p$lp, 2+ n*2/34p72f}, and choose E’ € .4 such that
27



|E — E’| < k. Suppose that ag # ag/, then

@] L(E)@; — o] L (E') |

~ ~ 1 1
§sz||2||wJH2 Z Ma_E B Ha_E/

‘ <u~)l) uOéE/><wj7 uOéE/>

/‘I’DZE/ - F

'<U~)i’ uOéE><wj’ uaE>
fap — E'

aFoE, oy
4 Wiy Ugy )Wy Uay, vj, Dy,
<laily gl 3 A | St V) | | (s gy i)
2 1Willg n? Lo, —F bap — E'
aFap, ap e’ o
4dn (Wi, oy, ) (W), Uay,)

‘ <u~}i’ uaE><u~)]" uOéE)
frap — £

< |0 Zi |
< lfdillz 1osll 2z + —%

g

Since ap # apr, we have min{’uaE/ — E’ oy — E'} > %n_Q/?’_aLR. Together with [(w;, uq)| <

\/‘% , this yields

-0 (n—1/3+25LR) .

‘ <1Dl) quE/><wja uaE/>

MO(E/ - F

'<u~)i’ uOéE><U~)j’ uaE>
Haog — E

Thus,

(2

4
[0 L (B) @y — ] 1 (B) ] < Nl g, nl;,{ +0 (nVs+e1)

As k = n719 the difference is bounded by O (n_1/3+2sLR). The same bound holds for the case
ap = agr, and the proof is simpler, since the last two terms do not appear. Therefore, (3.38) holds
for E as well if constant C is appropriately adjusted. (|

Next, we bound the linear and constant terms in (3.37).

Lemma 3.15. Fiz an n x n matriz B € ), 1. With probability greater than 1 — exp (c (p) gogn),
for any E such that |E — 2| < n=2/3p%

(3.43) ITL(E)l=0 (n_1/3+C€LR) L and@] L (E)l = O (n—1/3+C€LR) :
Here, c(p) is a constant that depends only on p.

Proof. Applcation of Hoeffding’s inequality to (w;, us) yields

P <<wi, Ug)? > " > <exp(—c(p) ¥n),

n+ 2

and so

max (w;, ua>2 < Pn
[ n

with probability greater than 1 — exp (—c(p)pn). In view of this inequality and the fact that
1
5 —

(Za;ﬂ(l, ua>2> = pu%l :O(n 1/2+csLR)’

Z <wi> ua><lv ua> < Z <l, Ua>2

a#l,ap o —E a#l, ap

=0 (n_1+C'5LR) \/ Z 7('“0[ i E)Q.
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Again, one can approximate ), ,, —L by FImme (E +in) as before and obtain

(Na_E)Q

3 1 =0 (n4/3+05m> _
atl,ap (/~Loc - E)
This shows that
Z (Wi, ua)(l, ua) —-0 (n—1/3+CELR> )
Ha — E
a#l,ap
with probability greater than 1 — exp (—c (p) ¢n)-

Furthermore, recall that by (3.31), u1 > %\/p(%;f). Thus ’%

=0 (ﬁ), and

< n*l/?ﬂ*Ct’LR.

[, uq)? 1
I"L(E)I| = { ua)”| “p?/3terr L, da)* | +
ITL(E) =) >l i) g

pa—E|] 7 | 4

aFag a#l,ap

Again, this result can extend easily for all £ € [2 — n_2/3<p%p, 2+ n_2/3g072{0} by a net argument.
We omit the proof here since it is the same as the net argument in Lemma 3.13. g

Combining Lemmas 3.13 and 3.15, we obtain Lemma 3.12.

3.5. Estimate of s (). Recall that in Corollary 3.11, we denoted by .7 be the set of (n+2) x (n+2)
symmetric matrices all whose n x n principal submatrices are typical in a sense that they satisfy
the conditions in 7, 5). Suppose that ), is an eigenvalue of A and v, € R™2 is the corresponding
unit corresponding eigenvector. As in (3.8),

w] G (o) wy —di1 + A
i o (D) ve (2)) = s(Ag) = si —— - - )
sign (va (1) va (2)) = s (Aa) = sign ( w G (A\a) wa — di2 )

In this section, we will prove the following:

Lemma 3.16. Let A be the adjacency matriz of a G(n,p) graph, and let Ay > --- > X\, be the
eigenvalues of the matrix

. 1
A= A— P Lo

Vp(1=p)(n+2) (1-p)(n+2)

Fiz 2 < a < ¢h. Then
E (s (Aa) - 17(4)) = O (n~/3Coun)

As 7 pertains to all n x n principal submatrices, the same bound holds for

E <sign (Vo (1) va (J)) - Lo ( :4)) for any i # j.
Once this lemma is proved, Theorem 1.2 follows easily:

Proof. For 2 < a < ¢f,, we have E(sign(ua(i)ua(j) | 7) = O (n~Y/3+C5Lr) for alli # j. Hence,

n+2
E ((Zsignwa@)))w) — O(n?/3+Ceun),
=1

Applying Markov’s inequality we get

n+2
P <| > sign(uq(i))] > n5/3+0/5) < nTOLR 4 pTELR,
i=1
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The proof of this lemma will be based on the concentration we get from Lemma 3.12. Let B be
the n x n principal submatrix containing the last n rows and columns. If A € 7, then B € 7, 1.
Consider o = 2 first. Let pj > p7, . be the eigenvalues of the (n4- 1) x (n + 1) matrix containing

the last (n + 1) rows and columns of A. Per (3.30) for A, Ay € [2 - n_g/ggpip, 2+ n_2/3<,0721p], SO
interlacing and Lemma 3.5 imply that

SOC
My S Ao S gy + <l
where 1] satisfies (3.31). Repeating this argument for B, in view of (3.34) and (3.31), we conclude
that Ao € [ug, u1]. For 2 < a < ¢f, (3.34) similarly yields Ay € [pa, fta—1]-

Condition on the submatrix B. Since a < ¢}, by the estimate that f22_t %\/4 —x2dx > %t:‘m,

we have 2 — v, < n 234 and thus 2 — pg < n*2/34p3f due to rigidity of eigenvalues (3.30).

Let 7, be the set of n x 2 matrices W such that (3.35) in Lemma 3.12 holds. Specifically,
e 18 defined by the condition
(3.44)

i € (1,2} W] G (B)uy = = (140 (n1m)) 5 4 Lol ow) 4 o (y1/stcicun)
ap T

for all £ € |2 — n*2/3<p,2f, 24 n*2/3g072f and a universal constant C; > 0. Here, ap € [n] is the

integer so that |pa, — E| < mingepy,) [ta — EJ.
Before we move on to the proof directly, let us introduce another set. Let 24y be a set of W such
that for i € {1, 2}

(3.45) nTIBTRELE <\ (g, ug)| < log?n

where k£ > max {2C, 8} and
w; = w; — P l
(2 (2 1 _p .

Lemma 3.17. Let the W be the n x 2 block W of A defined in (3.6). With the notation above, we
have

P(W € dhy) > 1 —n~V/3+2keLr,

and
(3.46) P (5, uq) > 0) = % +0 (n*1/3+5€LR) fori=1,2.

Proof. The upper bound in (3.45) holds with the desired probability due to Hoeffding’s inequality.
We will estimate the probability that the lower bound holds and prove (3.46) at the same time. Let

Xk = +vn+ 2w (k) ug (k). Since w; (k) has mean 0 and variance n%ﬂ, we set
Zke[n} Xk
Sn = =95 = Vn+2(W1, uy)
> ke EX7

Observe that EX? = u, (k)* and EX}? < ¢(p)|ua (k)|* where ¢(p) > 0 is a constant depends on
p. Let Fj, and ® be the cumulative distributions of .S,, and the standard normal random variable
respectively. By the Berry-Esseen Theorem (see, e.g., [22, Theorem 2.2.17]) we have

sup |F, (z) — ® (2)| < C ZH:E)& v .maXIE|Xi|3 <c(p) [
z€R " - ¢ i EXZ2 =

2 Ftall,
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Recall that from (3.26) in the defintion of 7, ), we have the l-norm bound: [jua|, <
n~1/3+4eLr Together with |lua |, = 1 it yields

sup|F, () = ® (x)] < n /34555
zeR

if n is large enough. Thus,
P (Vil(dn, ua)| < n7 R ) <P (Vi lg) < nmVEHRELR) o /30RR < g1 3L,

where g ~ N (0, 1) is a normal random variable. Furthermore, we also obtain (3.46) by comparing
® and F,,. O]

Proof of Lemma 3.16. By (3.7), if A € R is an eigenvalue of A, then det (WI'GA\W =D+ \,) =
0. Let
F(E) = (wlTG (E)wy —di1 + E) (w;G (E)we — daa + E)
= 5 .
(wlTG (E) w2 — d12)
Thus, A is an eigenvalue whenever f(A) = 1. We will use the function f(E) to determine the
location of the eigenvalues.

Let o/p be the set of all 2 x 2 symmetric matrices D such that max; jc(1 2y |dij| = O (c (p) n‘1/2).
Recall the definitions of A,gw and Ay from (3.44) and (3.45), respectively. Assume that W €
Apcw NAw and D € o/p. We will see below that this is a likely event.

Under these conditions, the argument becomes deterministic. By (3.26) from the definition of
Tin1y, we have |(uq, 1)] < n~1T2Lr. Hence,

(wi, ua) = (14 0(1)) (@i, ua)
and in particular (w;, us) and (W;, uy) have the same sign.
Observe that E w]—G (E)wy —dy1 + E is a strictly increasing function on (pa, pta—1). It tends
to —oo as E — p and +oo as E — p,,_;. Thus, it crosses 0 only once. Let Ep be maximum of

the roots of w{ G (E)w; — di1 + F and wy G (E)wg — dag + E on (f1a, fta—1). Then by (3.44) and
|dij| = O (c(p)n~'7?),

<wi7 uOéEO >2

+Ey=0
/’LaEO _EO

—(1+ 0 (n2%1R)) +
for some 7 € {1,2}. As po—1 > Eo > po > 2 — n_2/390,21p, this implies that Ey > Hag, and thus
ap, = a. Moreover, Eg —1=1+4+0 (n_QELR), and so

Ey = (1 +0 (n_QELR)) max {(wl, ua>2, (wa, ua>2} + e
For E > Ej, both wlTG (E)wy —dy; + E and wQTG (E)we — dag + E are positive. Setting
E = 2max{<w1, Ua)?, (wy, ua>2} + fhas

for E € [pa, E1], we also have ag = «a, and

1
(347) <w17 ua><w27 ua> 2 '<w1, ua><w2, ua> . mln {‘ <w17 uO/E> ’<w27 uOé) }
Mo — FE Mo — E; 2 <w2, ua> <w1, ua)
> log 2n - n~V/3tHeLR,

by (3.45). Hence, w{ G (E)ws — di2 has no zeros in the interval [\,, F1]. Furthermore, because

min{‘<w1’ o) }S 1,

<U)2, uoz> ’
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using (3.44) and |d;j| = O (c (p) n~Y/?) again, we get

) 2
(wIG(Esz — d12> = <(w1,5a>_<%21, ua>+0 <n1/3+015)>

(o {[fete) ot} g (-viscian) )
S%+MU§%

Together with
@JGUﬁﬂm—du+EQ(wﬁﬂEﬂwy—®r+&>:l+oﬂ)

this yields f (E7) > 1. Since f (Ep) = 0, there exists A € (Ep, E1) such that f (A) = 1, which shows
that A\, € (Eo, El)
Now we will focus on s (A\y). Since Ay > Fp , the w{ G (\q) w1 — d11 + Ay is positive. Also,

wi G (Aa) wa — dig = (wl’:o‘>_<“)’\27 ta) + 0 (n_1/3+CaLR> ;

and the magnitude of the leading term is significantly greater than O (n‘l/ 3+C€LR) by (3.47). Since
Lo — Ao < 0, the expression above has the same sign as —(wy, uq) (w2, uq). Therefore, we conclude
that

T _
5 (Aa) = sign (— wy G (Aa) w1 —din + A

wi'—G (Aa) wo — di2

> = sign ({(w1, ) (W, uq)) = sign ((W1, uq){(We, Uq))

forany A€ T, W € dyaw Ny, and D € op.

It remains to estimate the expectation of s (\y). Recall that we conditioned on the block B, and
W and D are independent of B. Denote this conditional expectation and probability by Eyw, p and
Pw, p. We have

Ew,p (s (Aa) 17 (A))] < [Ew, b (s (Aa) L7 (A) Loy, (W) L, (W) Ly, (D))
+Pw,p (W ¢ Haw U %) +Pw,p (D ¢ op)
=|Ew, p (sign ((@1, ua) (W2, ta)) 17 (A) Ly (W)L, (W), (D))]
L0 (n71/3+0'sm> .

We can get rid of the indicators in the leading term in a similar way:

‘EWD (Sign <<U~}17 ua><ﬁj27 ua>> ]ly(A)]l%W (W)]lﬂfwcw (W)HJ?/D (D))’
< ‘EIMD (sign (<?I}1, ua><1D2, ua>) ]1,7(14))’ + ijp (W §é Lyrw U Jwa> + PW,D (D ¢ JZ{D)

< |Ew, p (sign (@1, ua) (W2, ua)) 17(A))| + O (nfl/swfem) ‘
Removing the conditioning over B, we get
B (s () 17(4) )|
< |E (sign ((w1, ua) (W2, ua)) 1#(A))| + O (n—1/3+0’5LR)

s‘E(ggn«aq,mgah,uanﬂg@M(Aﬂﬂh)y+E‘ng(A)—nghm(guzg‘+C)Of4w+c%uﬁ
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In view of Corollary 3.11, the second term does not exceed n~1/3+2¢Lr To bound the first term,
we condition again on the block B = A1) such that A1) e I(n,1) and apply (3.46). By this
inequality,
~ 1
Pi=P [(01, ua) 2 0] A02)] i= =+ py
where p; = O (n_1/3+5‘5LR). Using the independence of w1 and ws, we get

E {sign((zﬂl, ua><ﬁ)2, U,a>) | 121(1’2):| = P1P2 + (1 — Pl)(l — PQ) — Pl(l — PQ) — (1 — Pl)PQ
— 4p1p2 — O (n—2/3+10€LR) )

Removing the conditioning completes the proof of Lemma 3.16. O

4. APPENDIX

In this section we establish the spectral properties of symmetric random matrices appearing in
Definition 3.4. Namely, we prove the following lemma:

Lemma 4.1. Fiz p € (0,1), D > 0. Let Hy, be a symmetric n X n matriz with zero diagonal and
1.1.d entries above the diagonal. The non-diagonal entries have the distribution:

1

1-p 1 ; g
by — v In with probability p,
—\/gﬁ with probability 1 — p.

Then, H, satisfies (3.12) - (3.14) with probability greater than 1 — n~P. Furthermore, for a suffi-
ciently small e > 0, there exists 6 > 0 such that H, €¢ L% (n, n*2/3*5) with probability greater than
1—n-9%.

Note that condition (3.16) involving # and k can be derived from the second part of this lemma
by appropriately adjusting €.

Conditions (3.12) and (3.14) were derived in [11, Theorem 2.1, 2.2] and Conditions (3.13) and
(3.14) were proved in [4, Theorem 2.12, 2.16].

Condition (3.16) was proved in [14]. However, the matrix model is slighly different from ours.
To show that H, satisfies level repulsion at the edge, we rely on the fact that GOE satisfies this
condition and apply Green Function Comparison Theorem. This strategy is stated as Proposition
2.4 in [14]:

Proposition 4.2. Let HY and HY be n x n symmetric random matrices with independent entries
hi; and hi} such that the Eh; = Ehj; = 0 and I[*Z(h;’j)2 = IE(h;”j)2 = afj. Assume that ¥ = (o)
satisfies the following conditions

(1) Forjen], >, U?j =1.

(2) There exists éw > 0 such that 1 is a simple eigenvalue of ¥ and Spec(X) C [-1 4+ dw,1 —
dw] U{1}.

(3) There is a constant Cyy, independent of n, such that maxz-j{a?j} < CTW

Also, assume that h;; have a uniformly subezponential decay. Namely, there exists a constant v > 0,
independent of n, such that for any x > 1 and 1 < 1i,j < n we have

P (|hij| > z0i;) < v texp(—a").

Assume that HY satisfies the Level Repulsion Condition, i.e. for a sufficiently small € > 0, there
exists 6 > 0 such that H" € L% (n, n_z/?’_a) with probability greater than 1 —n=%. Then the same
holds for H with a different 6 = (¢).
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The level repulsion condition has been proved for the GOE ensemble, see, e.g. [1]. By GOE we
mean that a n x n symmetric random matrix W with independent centered gaussian entries (up to
symmetry) where the off-diagonal entries have variance 1/n and the diagonal entries have variance
2/n. We would like to apply Proposition 4.2 with H” = W and H" = H),. The first two moments
of the off-diagonal entries of these two ensembles are the same. The variances of the diagonal entries
differ, but since there are only n of them, it will be possible to show that they do not affect the
level repulsion significantly. )

We proceed in two steps. First, we prove the level repulsion condition for a n x n matrix W
whose off diagonal entries are the same as for W and the diagonal entries are 0. Then, we apply
Proposition 4.2 to H? = W and HY = H,.

Thus, it is sufficient to prove

Proposition 4.3. The level repulsion estimates hold for W.

The proof of this proposition is standard and is included it for the reader’s convenience. It follows
the proof of 4.2 which relies on Lemma 2.6 (Green Function Comparison Theorem) and Lemma 2.7
in [14].

Since the second moments of the diagonal entries of W and W differ, we need a substitute
for Green Function Comparison Theorem. The rest of the proof will be exactly the same as of
Proposition 4.2.

Before stating the result precisely, we will sketch the idea behind the comparison. Consider

the Stieltjes Transform of a symmetric matrix H is m (z) = %Tr (Hl_z) Suppose Ai,..., A, are

eigenvalues of H. Then,
fImm (E+1in) -
-3 SO BT
i€[n]
If we choose 7 to be sufficiently small, then each summand is an approximation of the delta function

at each eigenvalue. On one hand, this provides a way to estimate number of eigenvalues in an
interval. Taking n to be sufficiently small, we should have

n b 1 '
Z Liap)(Aa) = n/a ;Imm (E+in) dE.

1
H—=z"

On the other hand, Imm (E + in) can be expressed in terms of the Green Function G (z) :=

Imm (E +1in) = ZImG“ (E+1in).

We will use Lindeberg’s method to replace the diagonal entries of W by those of W one by one and
estimate the expectation of the difference of Green functions.
Now we state the substitute for Lemma 2.6 in [14]:

Lemma 4.4. (Green Function Comparison Theorem) Let F : R — R be a bounded smooth function
whose first and second derivatives are bounded as well. There exists a constant eg > 0 and for such
€ < g9 and for any real numbers Fy, Fy € [2 — 23t 9 4 n2/3+5] , setting n = n~2/3"¢ we have

- Es
(]EW - EW) F (n/ Imm (y + in) dy) ‘ < ep~V/3tee,
Ey

Lindeberg’s method is based on replacing the entries one by one. Yet, our proof uses the strong
local semicircle law, see Theorem 4.6 below. Application of this law requires scaling of the matrix
so that the variance matrix will be doubly stochastic. However, replacing diagonal entries of W by
0 appearing in W results in two essentially different scalings of the variance matrix to the doubly
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stochastic form. To deal with this obstacle, we perform replacement in smaller steps which will
require n? steps instead of n.
Define n? symmetric random matrices {Wgﬁ}g =0 whose off-diagonal entries are the same as of

W and W. Let {hivj}:'fj:l be iid N (O, %) random variables. The diagonal entries of Wy are

(W5, Zh]z

In particular, the diagonal entries of Wpg o are centered gaussian variables with variance i—/j Thus,
the variance matrix of Wp ¢ is doubly stochastic if we scale it by a factor 1 + O(n~1). Furthermore,
Wo,o = W and Wn,O =W.

Now we define the diagonal entries of Wp :

(Wso) = zflh if i >,
T\ S hja A ha i <.

In other words, we have
W41 = Wiy + hgs1 16116y 4
and
Wgan = Wgi1p-
Our goal is to show that

Es
(EWer — EWsor1) F (n/ Imm (y + in) dy)’ < p 21/ 3tes
Eq

foreach kK = 0,...,n—1and v = 0,...,n — 1. Then the statement of the theorem will follow
immediately. Before we move on to the proof, we need the following proposition.

Proposition 4.5. Fir a sufficiently small € > 0. Let & := {E+in CE =2 < n_2/3+5} and
n =n"2/3"2 Then, for any D > 0, if n is sufficiently large, we have

P (max sup ‘(Ggﬁ (2));; — 1/3+45> <n P
5)7 Zeﬂ 7

where G (2) = Wg{, is the Green function of Wg_ .

—Zz
Let’s recall a theorem in [11, Theorem 2.1].

Theorem 4.6. (Strong local semicircular law) Suppose that H satisfies the assumption of Proposi-
tion 4.2. Then, for every s, D >0 and 0 < ¢ < 1/3, we have

(4.1) P sup max |(G (£ +1in)),; — 1‘ <dpstste ) > 1o p P
|E—2|<n—2/3+¢ LIE[N]
where n =n"%/3" and n > n (s, D,e).

+3e

This theorem implies that maxgsup,c » ‘(Gﬁ,o (2));; — 0ij

with probability at least
1 —n~P. We extend this properties to Wy~ by comparison.

Proof of Proposition 4.5. Fix 3. Fix a sample of Wj ¢ such that

sup max
|E—2|<n—2/3+¢ 1,j€[n]

(G (E +in),; - 1) < dpEEe
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for |E — 2| < n~2/3*¢ and the samples of {hgﬂ,y} _; such that max, [hgy1 4| < £ where @, =

(log n)'°8'°¢™ Notice that both conditions hold with probability at least 1 — n~2.
Define sy = 4n~3+3 and Sy41 = Sy (1 + ﬁ) We claim that

(4.2) (Gon (B +im),; = b < 0(,3,7)s,

where

¢ (i,5,7) =14 Lizy + 1j>4.
If it is true, then we have
< 3sp, < 3sp(1+ L)" < p1/3+e
O
If the matrices A and A + B are invertible, then the following resolvent identity holds:
1 1 1 1
A+B A A A+B
Applying the equality repeatedly we get

1 1 1 \°1 1\ 1
A+B A A3 AP <AB> A‘“i<AB) A+ B

Suppose that (4.2) holds up to v — 1. Let A =Wp 1 — (E +in) I, and B = hg, veye . For
simplicity, we write

max sup ‘(G,&7 (E+ in))ij — 0;j
B zes

1 1
T .
h=hpgi1,y, P=ce,, R= 1 =Ggy—1(E+1in),and S = i1 B
The equality above can be written as

1

A+ B

= Gg,’y (E + i??) .

S:

— R— hRPR+h? (RP)*R+...h" (RP)*S.
Entry-wise, we have

Sij :Rij — hRi’YR’Yj + hQRifyR,wa' e (—1)khkRmR5;15’,yj

k
(4.3) =Rij — hRiy Ryj (Z (—th)l> + (1) h* Ry RIS,
1=0
We will use the following uniform bound of the entries of S:
1
Sl < IS = |[—m——|| < = < /3%,
500 <11 = | | < 5

Together with |h| < 22 and max {| Ry, |, |[R;|} < 1+ s, <2, this means that the last summand in
(4.3) is less than n—lg if we pick k = 5. From now on we will fix k = 5. Then,

k

S (~hR,,)

1=0
for some absolute constant C' > 0. Therefore,

<C.

1
|Sij — 6ij| < |Rij — 05| + C |hRiy Rjy| + 3

<6 (04,7 = 1) sy-1 + ClhRy Ryj + —
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It remains to show

. 1 .
(b(@,],")/ - 1) 8’7—1 +C|hRZ’YR]’Y‘ + E S (b(Zv]vW) S’Y'

Consider vy ¢ {4, j}. We use the bound |R;y| < 3s,_1 and |R,;| < 3s,-1 < sa% to get
1 C 1 1
C |thwR]fy‘ + ﬁ < 37_17%21 + ﬁ < 37_1n¢n.

Therefore, we have

. 1
|SZ] - 6Z]| §¢ (Z,]ﬁ - 1) S’y—l + WS’Y_l

n

<6 (irgiy — 1) 591 (1 ;0 )

Pl
<¢ (i,4,7) sy

In the case v € {i, j}, we use the trivail bounds that max {|R;,|, |Rj,|} <14 3sy—1 < 2. Thus,
we have ) A )
C|hRiy Rjy| + 3 S Tn + 3 < s
Notice that ¢ (i,7,v) — ¢ (i,5,7 — 1) > 1 since v € {3, j}.
’S’lj - 52]‘ < ¢ (Z)j)’y - 1) Sy—1 + S0 < qb(la.]ufY) Sry-

The result follows. 0
Now we are ready to prove Lemma 4.4.
Proof. Recall that our goal is to show that
Es
(IEW/M — EWBWH) F <n/ Imm (y +in) dy) ’ < p2p T3
Ey
With probability greater than 1 — n~P, we have

(Gpny (B +1n))y; — 0| < n~ /3t

sup
\E72|§n_2/3+5
for 3=0,...,n—1and y=0,...,n— 1. Now, we fix # and ~. Fix a sample of Wjs,_1 such that
the above inequality holds.
We recycle the notation from the proof of Proposition 4.5. Let A = W3 ,_; — (E +in) I, and
B= h5+1ﬁeve;r . For simplicity, we write

1 . 1
h=hgi1,, P:evewTa R:Z:Gﬁ,v—l(E‘i‘m), andSZA+B

= Gﬁﬁ (E + in) .

Then,
Sij = Rij + hRiyRjy + h*Riy Ry Rj + h*Riy R2. S,
where, as before, |Sj,| < ||S|| < n?/3*¢. Taking expectation with respect to h and using |R;,| <
n~1/3+e 4 0i~, We get
C

2 _ C
|EpSii — Ris| < —an 2/8+2 4 ﬁnl/%% + (51‘7?-

Furthermore, if |h| < €2, then by (4.3)

1 _
|Sii = Riil < ClhRiyRyil + —5 < nn 5/3+8e 4 51‘7%.
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Therefore,

(4.4) Z (Su - Ru) S n*2/3+4€ when ‘h| S @
=1

and

(45) Ep Z i 7,7, < n75/3+35-

Now we examine the difference:

E> Es
/ g Sii(y+in) dy | = F / E R (y +1in) dy
B 5 B 5

=F / ZR“ y+in) dy / Z ii(y +in) — Ry(y +in)) dy | +

2

O / Z [ y + 177 Rm(y + 177)) dy

where we rely on the fact that F” is bounded. Since |Ey — Fy| < 2n~2/3t¢ by (4.4) we have
2
By 2
/ Z (Su(y + i77) _ Rii(@/ + in)) dy < <2n72/3+6n72/3+45> < n78/3+05
BE1
if |h| < £2. Furthermore, if we take the expectation with respect to h and Wj ,, the same bound
still holds. Indeed, we can apply this bound conditioning on |h| < 22, and use a trivial bound

2
Es
/E Z Sii(y+1in) — Riu(y+in)dy | < n¢
1oy

valid with some fixed constant C' > 0 for other h. Similarly, (4.5) yields

Es
Ew,.,_,En / S (Sisly + in) — Ras(y + in)) dy || < n~ /340,
FEq i

Therefore, we conclude that
(EWso-1 — EW6o) Imm (E + in) < n~2n~1/3+e
finishing the proof. O
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